We provide a new approach to stable ergodicity of systems with dominated splittings, based on a geometrical analysis of global stable and unstable manifolds of hyperbolic points. Our method suggests that the lack of uniform size of Pesin's local stable and unstable manifolds -a notorious problem in the theory of non-uniform hyperbolicity -is often less severe than it appeas to be.
Introduction
The theory of ergodicity of diffeomorphisms deals with the question of whether a given conservative (volume preserving) diffeomorphism is ergodic. It dates back to the work of Anosov [2] , who adopted Hopf's argument [8] on the ergodicity of certain geodesic flows, to prove that every conservative C 2 Anosov diffeomorphism on a compact connected Riemannian manifold is ergodic. Since the set of Anosov diffeomorphisms is open in the C 1 topology, such diffeomorphisms are stably ergodic in the following sense: every conservative C 2 diffeomorphism sufficiently close, in the C 1 topology, to a conservative C 2 Anosov diffeomorphism is ergodic. This is the definition of stable ergodicity used throughout this paper.
In [11] Pugh and Shub initiated a programme for studying ergodicity of partially hyperbolic diffeomorphisms. They conjectured that stable ergodicity, as defined above, is C 2 -dense in this context. The conjecture has been very successful and recently proved in [13] to be true in the case where the central bundle is one dimensional.
Although the theory of stable ergodicity so far has dealt predominantly with systems admitting a partially hyperbolic splitting, such is by no means necessary. In his thesis [14] , Tahzibi provided examples of stably ergodic diffeomorphisms with no uniformly expanding/contracting subbundle. On the other hand, his examples enjoy the following properties:
• They admit an invariant dominated splitting T M = E cs ⊕ E cu (see definition in section 2).
Non-uniformly Anosov diffeomorphisms do not have local stable and
unstable manifolds associated to every point, but only to Lebesgue almost every point.
2. In the non-uniformly Anosov case, local stable and unstable manifolds are not of uniform size.
Only the lack of uniform size of local stable and unstable manifolds provides a serious problem for the adaptation of the Hopf-Anosov argument, and actually makes it fail in some cases (not all non-uniformly Anosov diffeomorphisms are ergodic, see [6] ). Still, the problem is not necessarily as serious as it may first seem, by the following Observation 1.
Rather than the local stable and unstable manifolds, what matters in the Hopf-Anosov argument is the size (whatever that means) of the stable and unstable sets
More precisely, by local stable manifolds we mean the sets W s loc (f, x) := {y ∈ M : d(f n (x), f n (y)) ≤ r0 ∀n ≥ 0 and lim sup n→∞ 1 n log d(f n (x), f n (y)) < 0}, (3) r0 being a small constant. W u loc (f, x) is defined analogously. It is a wellknown theorem of Pesin [9] that, for m-almost every x ∈ M , W s loc (f, x) is a C 2 embedded disk, tangent to E cs in our setting. The importance of the stable sets is that if, for some x ∈ M , continuous ϕ : M → R, the forward Birkhoff average ϕ+(x) := lim
exists, then it also exists, and coincides, for every y ∈ W s (x), i.e. ϕ+(y) = ϕ+(x). Similarly for W u (x) and averages in backword time. However, W s (x) and W u (x) are sets about which we know very little in general. In particular, it is not clear whether there is a natural way to talk about the size of W s (f, x). It is therefore more convenient to work with the global stable manifold of x:
It is an immersed, rather than embedded manifold, and it is known from Pesin's work that W u gl (x) can be characterised as the set of those y ∈ M for which d(f n (x), f n (y)) converge to zero exponentially fast. Everything we define, state, or prove about local or global unstable manifolds has a counterpart for local or global stable manifolds and vice verse. The necessary notation and terminology should be obvious and we will not always bother to mention it.
Even though the rate of convergence of d(f n (x), f n (y)) is irrelevant to the Hopf-Anosov argument, we shall concern ourself with the structure of W u gl (f, x) rather than W u (f, x). Being a countable union of nested embedded disks, the former is simply much more tangible. We are going to define a notions of size of W u loc (f, x), called the span and the essential span. For the purpose of this introduction, it suffices to say that W s (f, x) has span (at least) δ > 0 if it contains a round disk (intrinsic ball) of radius δ, centered at x. In the case of essential span, we allow the disk to be perforated by little holes of zero measure (see Definition 2.5). Thus, in order to say something general about the size of W u gl (x) for Lebesgue almost every x, we should find a way to approach the following question:
Problem 1.2. What condition guarantees that most (Lebesgue almost all) local unstable (stable) manifolds grow under forward (backward) iteration of the diffeomorphism?
Some clarification is called for. It is not difficult to show that, given any non-uniformly Anosov diffeomorphism f , and Lebesgue almost any point x ∈ M , the volume of f n (W u loc (x)) grows exponentially fast as n → ∞. The problem is how it grows. If the growth resembles that of an inflating balloon, one finds that, for large values of n, the larger part (in terms of volume) of points in f n (W u loc (x)) admit a ball of some fixed radius δ > 0, entirely contained in f n (W u loc (x)). We prove that this is sufficient to guarantee Lebesgue almost everywhere uniform span of global unstable manifolds. If, on the other hand, the growth of f n (W u loc (x)) resembles that of a growing worm or -even worse -a growing tree, the same cannot be said. Hence the first type of growth is the desired one when proving ergodicity. Motivated by this balloon vs. tree thinking, we define the following notion: f is said to be cu-inflatable if
Here
denotes the maximum expansion rate, under the action of Df , of the volume of a cu − 1-dimensional parallelpiped contained in E cu x . Roughly, the cu-inflatability condition says that the average expansion, of a cu-dimensional volume element in E cu , is larger than the maximum expansion of a (cu − 1)-dimensional volume element in E cu . However, the presence of logarithms in inequality (4) means that we ask for slightly more than that. The notion of cs-inflatability is defined analogously. If a non-uniform Anosov diffeomorphism is both cs-and cu-inflatable, we say that it is bi-inflatable.
We prove:
• cu-inflatability of a non-uniformly Anosov diffeomorphism implies the existence of at least one ergodic component on which Lebesgue almost every point has a global unstable manifold of infinite (arbitrarily large) essential span.
• Similarly, cs-inflatability implies the existence of at least one ergodic component on which Lebesgue almost every point has a global stable manifolds of infinite essential span.
• If some ergodic component has, Lebesgue almost everywhere, both global stable and global unstable manifolds of uniform essential span, then the component has full Lebesgue measure, so that the diffeomorphism is ergodic.
• This situation persists under small C 1 perturbations, so the diffeomorphism is, in fact, stably ergodic.
• Transitivity of a bi-inflatable non-uniformly Anosov diffeomorphism, with E cu plaque uniquely integrable, implies stable ergodicity.
• On tori, stable ergodicity can also be guaranteed for bi-inflatable non-uniformly Anosov diffeomorphisms by assuming the subbundles E cu and E cs to be approximately constant.
• If f is a non-uniformly Anosov diffeomorphism for which one of the E σ , σ = cs, cu, is uniformly contracting/expanding, and the other one is inflatable, then f is stably ergodic.
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Precise statement of results
Throughout this paper, M denotes a compact connected Riemannian manifold. Its dimension is required to be at least two, but interesting examples only appear in dimension greater than or equal to 3. The volume form obtained from the Riemannian metric induces a measure on the Borel σ-algebra. We denote its normalisation by m and refer to it as Lebesgue measure. As usual, Diff 
and if there exist numbers
Let DS ⊂ Diff 2 m (M ) denote the space of all C 2 volume preserving diffeomorphisms on M , admitting a dominated splitting T M = E cs ⊕E cu . It is a well-known consequence of the uniform domination property (7) that x → E cs x and x → E cu x are continuous. Hence, by compactness of M , there is a uniform (in x) lower bound on the angle between E cs x and E cu x . The labels cs and cu stand for 'central stable' and 'central unstable' (bundle), and are also used to denote the dimensions of these bundles.
For f ∈ DS, there is often more than one choice of dominated splitting, but it becomes unique once we fix the dimension of (say) E cs . Throughout this paper we shall therefore treat cs as a fixed integer 1 ≤ cs ≤ d − 1 so that there is no harm in talking about the dominated splitting
By characterising dominated splittings in terms of invariant conefields, one can see that E cs (f ) and 
and
We state a version of Pesin's stable manifold theorem, adapted to our context. Given f ∈ NA, we denote by H = H(f ) the set of hyperbolic points, i.e. those x ∈ M for which (8) and (9) hold. Theorem 2.3 (Pesin [9] ). Given f ∈ NA and sufficiently small r0 > 0, there exists a positive measurable function r : H → R, with
and such that, for every x ∈ H,
are C 2 embedded disks, tangent to E cs and E cu respectively, given by Let D1, and D2 be cs-dimensional C 1 -submanifolds transverse to E cu , Λ ⊂ H, and W = {Wx := W u loc (x) : x ∈ Λ} a family of local stable manifolds intersecting each Di, i = 1, 2 in exactly one point. We may then define the holonomy map h, associated to (W, D1, D2) by
Theorem 2.4 (Pesin [9] ). The holonomy map h associated to (W, D1, D2) maps sets of zero mD 1 -measure into sets of zero mD 2 -measure.
Naturally there is an analogue for the holonomy map associated to local stable manifolds.
is homeomorphic to the annulus
If W u gl (x) has cu-span δ around x, we say that x has an unstable manifold of span δ. If W u gl (x) has essential cu-span δ around x, we say that x has an essential unstable manifold of span δ.
If W u gl (x) has span (or essential span) δ for every δ > 0 we say that W u gl (x) has infinite span (or essential span). The same definitions carry over verbatim to the case of stable manifolds. Sometimes the term full stable or unstable manifold will be used instead of stable or unstable manifolds to add more contrast to essential stable or unstable manifolds.
The requirement that (16) be homeomorphic to (17) is a way to make precise the statement that W u gl (x) contains a disk of radius δ around x. It can be explained as follows: Let Γ = {(x, y) ∈ R 2 : y > 0} ⊂ R 2 be endowed with the usual Euclidian metric. Since Γ is a subset of R 2 , it is meaningful to consider the set
i.e. Γ1 = {(x, y) ∈ R 2 : y ≥ 1}, or the set of points with distance at least 1 form ∂Γ. However, if Γ is viewed intrinsically rather than as the subset of R 2 , then the definition of Γ1 becomes meaningless. Nor does Γ possess any boundary. However, by defining Γ1 as the set
is homeomorphic to the annulus}, one finds that Γ1 is, again, equal to {(x, y) ∈ R 2 : y ≥ 1}. Given a positive Lebesuge measure set A ⊂ M , we denote by mA the normalised restriction of Lebesgue measure to A. ( The reader should be aware that the notation mS means two different things depending on whether S is a submanifold of M or a Borel subset of positive m-measure.)
Similarly, A is cs-inflatable if, for some n ≥ 0,
If A is both cs-and cu-inflatable we say that A is bi-inflatable. If M is cs-, cu-, or bi-inflatable, we attribute this property to the diffeomorphism itself by saying that f is cs-, cu-, or bi-inflatable, respectively.
We say that an f -invariant ergodic measure is an ergodic component of m if it is the restriction of m to some set of positive m-measure. Any set A giving rise to an ergodic component mA in this fashion is uniquely defined up to a set of zero m-measure. It is therefore quite harmless to refer to A as an ergodic component. Sometimes we say that A is a representation of mA. Pesin's spectral decomposition theorem [10] implies that, for every f ∈ NA, one can write M as the union of a finite or countable number of pairwise disjoint f -invariant sets Ai, with m(Ai) > 0, all of which represent ergodic components mA i . As an immediate consequence, we get: Corollary 2.10. Suppose f ∈ NA is cu-inflatable. Then f has at least one cu-inflatable ergodic component, A say. Hence m-almost every x ∈ A has an essential unstable manifold of infinite span.
Theorem 2.8 (Main technical result). Let f be a non-uniformly Anosov diffeomorphism on M , and A one of its ergodic components. Suppose that
Given some bi-inflatable f ∈ NA, we know from Corollary 2.10 that it has at least one cu-inflatable ergodic component, say Acu, and at least one cs-inflatable component, say Acs. By the following proposition, the problem of ergodicity of f reduces to establishing under what condition the two components coincide. We will soon give conditions that imply the existence of a bi-inflatable component, hence ergodicity. Once ergodicity is obtained, stable ergodicity follows automatically from the second auxiliary result. Denote by E the set of ergodic diffeomorphisms in Diff 
Stable ergodicity through transitivity
It is an interesting problem to understand under what conditions transitivity of a conservative diffeomorphism implies that it is ergodic. In fact, it was conjectured by Tahzibi in [15] that every transitive non-uniformly Anosov diffeomorphism is ergodic. Although the conjecture remains enigmatic in its full generality, our current approach sheds some light on the question in the case of inflatable systems. If f ∈ NA is bi-inflatable, it has an ergodic component Acs on which m-almost every point has a stable manifold of infinite span, and an ergodic component Acu on which m-almost every point has an unstable manifold of infinite span. If we knew that both Acs and Acu are open, then transitivity of f would imply that Acs = Acu. Hence, by Proposition 2.11 and Proposition 2.12, it would follow that f is stably ergodic. Since Acs and Acu are saturated by stable/unstable manifolds of uniform span, there is great hope that they are indeed open, as was pointed out to me by Alexander Arbieto during an early exposition of this work. However, we do not know whether that is necessarily the case, the main difficulty being that we do not know whether, given δ > 0, the stable (unstable) manifolds of span δ, associated to x ∈ Acs (Acu) vary continuously with x (see Remark 2.9). The remedy is to assume a suitable kind of integrability of the invariant bundles. The kind of integrability that in a natural way implies continuous dependence of essential stable and unstable manifolds is the one that the authors in [5] call plaque unique integrability.
Definition 2.13. We say that a continuous distribution E of k-planes in M is plaque uniquely integrable if there exists a foliation F of M into k-dimensional immersed manifolds tangent to E, and such that, if
It is shown in [12] that this notion is stronger than simply asking for the uniqueness of integral foliation to a given continuous subbundle of T M . The good thing about having E cu plaque uniquely integrable is that the essential unstable manifold of a point x ∈ M of span δ > 0 is the ball of radius δ around x in the unique leaf of the foliation, containing x. Proof. Any diffeomorphism f satisfying the hypothesis of the corollary has at least one cs-inflatable ergodic component Acs and at least one cuinflatable ergodic component Acu. By Proposition 2.14, both of them are open, modulo a set of zero Lebesgue measure. Transitivity of f thus implies that m(Acs ∩ Acu) > 0. But since f |Acs and f |Acu are ergodic, we must have Acs = Acu up to a set of zero Lebesgue measure. Hence, by Proposition 2.11 and Proposition 2.12, f is stably ergodic.
It turns out that it suffices to assume plaque unique integrability of one of the subbundles in order to obtain ergodicity and stable ergodicity. As usual we give only one of the statements, the other being completely analogous. 
If f is cs-inflatable, it follows directly from Theorem 2.8 and Proposition 2.12 that f is stably ergodic.
We do not know whether the plaque unique integrability assumption is necessary. It would be superfluous if the unstable essential manifolds vary continuously. In particular, it would be superfluous if it turns out that the invariant subbundles of a non-uniformly Anosov diffeomorphism are always plaque uniquely integrable.
Problem 2.17. Let f be a non-uniformly Anosov diffeomorhpism. What can we say about the integrability of E
cs and E cu ?
Stable ergodicity through Partial Hyperbolicity
We say that f ∈ DS is partially hyperbolic if either E cs is uniformly contracting, i.e. there exists C > 0, 0 < τ < 1 such that
or if E cu is uniformly expanding, i.e. there exists C > 0, 0 < τ < 1 such that Df
The two notions are interchanged upon replacing a diffeomorphism by its inverse, and we shall therefore content ourselves by consider the former. In this case we write T M = E s ⊕ E cu for the partially hyperbolic splitting.
It is well-known (see [7] ) that if f ∈ DS has a partially hyperbolic splitting T M = E s ⊕E cu , then E s is plaque uniquely integrable and every x ∈ M has a local stable manifold of uniform span. The existence of a cu-inflatable ergodic component is therefore enough to obtain ergodicity. From Corollary 2.10, together with the first and second auxiliary results (Proposition 2.11 and Proposition 2.12) we get: Theorem 2.18. Suppose that f ∈ NA is cu-inflatable and admits a partially hyperbolic splitting E s ⊕ E cu . Then f is stably ergodic.
Stable ergodicity through global product structure
Another way to guarantee the existence of a bi-inflatable ergodic component for a diffeomorphism f ∈ NA is by requiring global product structure. It is a useful condition when constructing examples, because it is checkable for derived-from-Anosov diffeomorphisms. Proof. Let f be as in the theorem, and let Acs and Acu be cs-and cuinflatable components of f . Our aim is to show that Acs = Acu up to a set of zero Lebesgue measure. Suppose, without loss of generality, that dim E cs ≤ 2. Then there exists (see Lemma 3.1 and Corollary 3.4 for justification) some p ∈ M , admitting a local unstable manifold W 
showing that Acs = Acu. Hence by the first and second auxiliary results (Proposition 2.11 and 2.12), f is stably ergodic. 
Proof of the main technical result
We dedicate the whole of this section to the proof of Theorem 2.8. We start by describing a way of decomposing Lebesgue measure into smooth measures along local stable and unstable manifolds, quite different from, and more suitable to our needs, than the well known disintegration of Rohlin into measures on elements of measurable partitions. The reason for doing this is that the families
. A natural disintegration of m into smooth measures on local unstable manifolds should therefore not yield a family of mutually singular measures.
Non-singular disintegration
Recall that H denotes the set of hyperbolic points, i.e. those x ∈ M for which (8) and (9) R ϕdνx is measurable. We can then define the integral R νxdν(x) to be the unique measure µ, satisfying 
for every Borel set E ⊂ M . [1] . However, the proof given here is more concise and calls for abstraction: 
Remark 3.2. Proposition 3.1 may be seen as an adaptation of the disintegration technique used in
if M ∋ x → νx ∈ M(M ) is a mea- surable family such that R νx dν(x) ∼ ν,
Proof. Consider the Borel set
A− = {x ∈ M : lim n→∞ 1 n n−1 X k=0 ϕ(f −k (x)) = Z ϕ dmA ∀ϕ ∈ C 0 (M, R)}.
A geometric estimate
At the heart of the proof of Theorem 2.8 lies a simple, yet powerful, geometric estimate. Its intuitive content is that if the volume of a manifold with boundary is much larger than the volume of its boundary, then most points in the manifold see nothing or a very small portion of the boundary in its proximity. Despite its simplicity, it constitutes the most important step in understanding how inflatablility yields essential stable or unstable manifolds of a desired span.
Recall from section 2 that we take Riemannian manifold to mean a C 
Proof. The proof consists of one simple trick. By applying Fubini's theorem on the product space (D × ∂D, mD × m ∂D ) we obtain
as required.
Small sight of the boundary
It is a consequence of the compactness of M and continuity of the E σ , σ = s, u, that, given any δ > 0, there exists K > 0 such that every manifold D (with or without boundary), tangent to either of E cs or E cu , has geometry bounded by K at level δ. Given any x ∈ H and n ≥ 0, we
, and define θx,n : Dx,n → R (24)
For any real h > 0, let G x,n,h = {y ∈ D • x,n : θx,n(y) < h}. When considering a small value of h, points in G x,n,h are good in the sense that their δ-neighbourhood see only a small piece of ∂Dx,n. Consequently, the open ball B D • x,n δ (p), centered at p ∈ G x,n,h , is nearly a 'full disk', consisting only of points in the global unstable manifold W u gl (p) of p. To prove Theorem 2.8 we define a set of full Lebesgue measure in A on which every point admits an essential unstable manifold of uniform span. The set we consider is
Lemma 3.7. The set G has full Lebesgue measure in A. Before proving Lemma 3.7 we establish an auxiliary result. Write
Lemma 3.8. Given any x ∈ H and h > 0 we have
Proof. By Chebychev's inequality we have
The proof follows since |m ∂Dx,n | ≤ |m ∂D x,0 |e
Proof of Lemma 3.7. We write F h,n,x = f −n (G h,n,x ) and
Notice that since f is conservative, we have m(
. So in order to prove the Lemma, it is sufficient to establish that, for all h > 0, lim
For then m(F h ) = m(A) for every h > 0 and the proof follows by intersecting F h over all positive rational values of h. Furthermore, (26) will be proved once we have shown that, given any h > 0, and m-almost every
For then we may use the disintegration from Proposition 3.1 to conclude that
by the Dominated Convergence Theorem. We will prove (27) by contradiction. But first let us determine the set of points on which (27) holds. For n ≥ 0 write ξ
By Corollary (3.4), the set B * = {x ∈ B :m cu x (B) = |m cu x |} has full Lebesgue measure in A. The claim is that (27) holds for every x ∈ B * . Suppose it is false. Then, noticing that {F c h,n,x } n≥0 is a decreasing sequence in n, we must have hat m u x (E h,x ) > 0 for some x ∈ B * , where
We simplify notation in the next calculation by writing µ = m u x , E = E h,x , and µE for the normalised restriction of µ to E. Application of Jensen's inequality gives lim inf
contradicting Lemma 3.8.
Construction of essential unstable manifolds
In this section we prove that every x ∈ G has an essential unstable manifold Γx of uniform span δ, for some small δ > 0. Once that is done, it is a small step to show that m-almost every x ∈ A has an essential unstable manifold of infinite span. Indeed, we may write
, and
n has full Lebesgue measure in A, and so has G ∞ . Now pick x ∈ G ∞ . Then
Γy is an essential unstable manifold of span 2δ,
Γy is an essential unstable manifold of span 3δ etc. We show that every x ∈ G has an essential unstable manifold of uniform span by taking some small ρ > 0 and defining a C 1 map ψx from E cu x (ρ) (the ball of radius ρ in E cu x , centered at the origin) to E cs x such that Γx := exp x (graph ψx) is an essential unstable manifold. All we require from ρ is that graph ψx must be in the domain of definition of exp x and will depend only on how much E cu varies in exponential charts. Denote by π : E cu x ×E cs x → E cu x the projection onto the first coordinate, and by Cx the deformed cylinder exp
Fix h a bit larger than ρ. From the definition of G, there is some sequence of non-negative integers n k , k ≥ 0 and points
Denote by γ k the connected component of f n k (W u loc (x k )) ∩ Cx containing x, and by U k the set π(exp
) → 0 exponentially fast, and the size of local unstable manifolds vary subexponentially along orbits, there exists, for each x k , an integer N k , such that → P the orthogonal projection onto P . Now, each ∂U k is a cu − 1 dimensional submanifold of E cu x (ρ) whose cu − 1 dimensional volume goes to zero as k → ∞. Since the Jacobian of πP |∂U k : ∂U k → P is at most 1, the cu − 1 dimensional volume of πP (∂U k ) in P goes to zero as k → ∞.
c , and the latter has cu dimensional volume bounded by 2ρ times the cu − 1 dimensional volume of πP (∂U k ).
To prove the second claim, pick any p ∈ E cu x (ρ), and any ǫ > 0. We will show that by choosing a sufficiently small neighbourhood V of p E cu x , we have
That implies that ψx extends to a continuous function ψ x : E cu x (ρ) → E cs x , and that Dψx extend continuously to a continuous function Ψx :
. It does not follow directly that Ψx is the derivative of ψx, but it can be established by showing that, given any p ∈ E cu x (ρ), and any ǫ > 0, there is a neighbourhood V of p such that
Since exp x (graph ψx) is tangent to the continuous bundle E cu , (33), (34), and (35) follows if we can prove that, given any u, v ∈ U , and any α > 0, there is a piecewise differentiable curve from u to v, contained entirely in U , whose length is at most u − v + α. To this end, pick some k0 sufficiently large so that u, v ∈ U k 0 . Let Bu, Bv be balls of equal radius ≤ α/2 around u and v, contained in U k 0 ∩ V . Let H be the orthogonal complement to {λ(u−v) : λ ∈ R} in E cu x , and π : E cu x → H the projection onto H. Since the cu − 1 dimensional volume of π(∂U k ) is at most equal to the cu − 1 dimensional volume of ∂U k , there is some k ≥ k0 such that the cu − 1 dimensional volume of π(∂U k ) is strictly smaller than the cu − 1 dimensional volume of π(Bu) (which is the same as that of π(Bv)). That means that there exists a line segment from some point in Bu to some point in Bv, parallel to {λ(u − v) : λ ∈ R}, and entirely contained in U k .
By joining its endpoints with u and v by straight line segments, we have constructed a piecewise differentiable curve from u to v of length less than u − v + α, thus concluding the proof of the second claim. 
Full unstable manifolds
The last assertion in Theorem 2.8 is that if dim E cu ≤ 2, then m-almost every x ∈ A has a full unstable manifold of infinite span. That is, not only do we have mΓ x (W u gl (x)) = |mΓ x |, but actually Γx ⊂ W u gl (x). In particular, the unstable manifolds of span δ are C 2 in this case. For dim E cu = 1 this is trivial. For dim E cu = 2 it follows from the following observation. Let D be a 2-dimensional manifold with boundary such that D has bounded geometry. Then, given any ǫ > 0, there exists
The same thing is not true when dim E cu ≥ 3. To see why, let D0 be the closed unit ball in R 3 , centered at the origin. For every ǫ > 0 we can obtain a manifold with boundary Dǫ by making small wormholes in D0, approaching the origin such that m ∂Dǫ (B R 3 1 (0)) < ǫ and d(0, ∂Dǫ) < ǫ. Still, it seems like a difficult task to understand whether this geometrical property can actually present itself upon iterating a local unstable manifold of a non-uniformly Anosov diffeomorphism.
Proofs of auxiliary results
The proof of the first auxiliary result (Proposition 2.11) relies on the following modification of the Hopf-Anosov argument. For the proof of Lemma 4.1, it is convenient to represent the ergodic component mA by a set with some specially nice properties. Let A0 be the set of points which are forward and backward generic for mA, intersected with G ∞ , so that each x ∈ A 0 admits essential stable and unstable manifolds Γ s x , Γ u x of span δ, say, where δ > 0 is some fixed constant. We then define . We also suppose that ϕ((−2, 2) d ) is small enough so that if x ∈ (−1, 1)
) is the graph of a C 1 map ψx : (−2, 2) cu → (−2, 2) cs . The same thing is required for essential stable manifolds. By compactness of M and continuity of E cs , E cu , such ρ can be taken uniform, i.e. independent of p ∈ M . Altough we work in a chart, we shall use the same notation for subsets of M and their counterparts in R d . Thus we write A ∞ , Γ We are now ready to proceed with the proof of the first auxiliary result.
Proof of Proposition 2.11. Take ρ > 0 as in Lemma 4.1. We cover M by a finite number of balls of radius ρ/2: Bi = B ρ/2 (xi); i = 1, . . . , N.
We may suppose, without loss of generality, that m(B1 ∩A) > 0. Now, by connectedness of M , given any k ∈ {1, . . . , N }, there exists a sequence 1 = i1, . . . , i ℓ = k such that Bi n ∩ Bi n+1 = ∅ for n = 1, . . . , ℓ − 1.
By applying Lemma 4.1 to a typical point in A∩B1 we see that m(Bi 1 ∩ A c ) = 0. Since m(Bi 1 ∩ Bi 2 ) > 0 we can apply Lemma 4.1 again to see that m(Bi 1 ∩ A c ) = 0. By repeating the argument we eventually conclude that m(B k ∩ A c ) = 0. Since k ∈ {1, . . . , N } was chosen arbitrarily, this means that A has full Lebesgue measure in each Bi, hence it has full Lebesgue measure in M .
The proof of the second auxiliary result relies on the following well known fact (see e.g. [3] ). Proof of Propositon 2.12. Suppose f ∈ NA is ergodic and bi-inflatable. We must show that each g ∈ DS, sufficiently close to f in the C 1 topology, is also non-uniformly Anosov and ergodic.
From Proposition 4.2, there is a C 1 -neighbourhood U of f such that for every g ∈ U, we have 
there is some N ≥ 0 such that, upon possibly reducing U, we may suppose that for every g ∈ U, we have 
It follows that every g ∈ U has at least one ergodic component A which is bi-inflatable and on such that λ cs + (g, x) < 0 and λ cu − (g, x) > 0 for malmost every x ∈ A. Hence it follows from Theorem 2.8 and Proposition 2.11 that m(A) = 1, proving that f ∈ E ∩ BI ∩ NA.
